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Localization in Quantum Field Theory for inertial and accelerated observers
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We study the problem of localization in Quantum Field Theory (QFT) from the point of view of
inertial and accelerated experimenters. We consider the Newton-Wigner, the Algebraic Quantum
Field Theory (AQFT) and the modal localization schemes, which are, respectively, based on the
orthogonality condition for states localized in disjoint regions of space, on the algebraic approach
to QFT and on the representation of single particles as positive frequency solution of the field
equation. We show that only the AQFT scheme obeys causality and physical invariance under
diffeomorphisms.

Then, we consider the nonrelativistic limit of quantum fields in the Rindler frame. We demonstrate
the convergence between the AQFT and the modal scheme and we show the emergence of the Born
notion of localization of states and observables. Also, we study the scenario in which an experimenter
prepares states over a background vacuum by means of nonrelativistic local operators and another
experimenter carries out nonrelativistic local measurements in a different region. We find that
the independence between preparation of states and measurements is not guaranteed when both
experimenters are accelerated and the background state is different from Rindler vacuum, or when
one of the two experimenters is inertial.

I. INTRODUCTION

The problem of localization in Quantum Field The-
ory (QFT) has been extensively discussed by different
authors in the literature (for a brief review see, e.g.,
Ref. [1]). Notably, Newton and Wigner [2] provided a
unique notion of localization in relativistic quantum me-
chanics based on the orthogonality condition for states
localized in disjoint spatial regions. However, as a con-
sequence of the Hegerfeldt theorem [3, 4], the Newton-
Wigner scheme appears to be in contrast with the notion
of causality [5] and, hence, it is not suited for the de-
scription of relativistic local phenomena. The solution
to this issue is given by the fundamental notion of lo-
calization that is based on the Algebraic Quantum Field
Theory (AQFT) formalism [6–10]. At variance with the
Newton-Wigner scheme, the AQFT scheme is character-
ized by nonlocal effects that originate from the quantum
correlations in the Minkowski vacuum |0M〉 [7, 11, 12] and
are predicted by the Reeh-Schlieder theorem [13]. In par-
ticular, it has been noticed that nonunitary preparations
of localized states influence measurements conducted in
spacelike separated regions; by following Knight and
Licht [14, 15], we say that nonunitarily locally prepared
states are not always strictly localized. It has been ar-
gued that such a nonlocal effect does not lead to viola-
tions of causality [11, 16–18].

In all of the aforementioned works, the authors focused
on the Minkowski spacetime and discussed the localiza-
tion of states and observables from the point of view of
inertial experimenters. In this manuscript, instead, we
consider accelerated observes as well. The aim is to ex-
tend the problem of localization to include both inertial
and accelerated frames. We use the formalism of Quan-
tum Field Theory in Curved Spacetime (QFTCS) [19]
to consider Rindler spacetimes in addition to Minkow-
ski spacetimes and we adopt the algebraic approach to
QFTCS [7, 19] to relate localization schemes of one frame

Experimenter
A (preparation)

Experimenter B
(observation)

Background
vacuum state

ABM inertial (Alice) inertial (Bob) Minkowski |0M〉

RaRbR
accelerated
(Rachel)

accelerated
(Rob) Rindler |0L, 0R〉

RaRbM
accelerated
(Rachel)

accelerated
(Rob) Minkowski |0M〉

ARbM inertial (Alice)
accelerated

(Rob) Minkowski |0M〉

TABLE I. Different measurement setups. The experimenter
A prepares a local state over the background state and the
experimenter B performs local measurement. Each experi-
menter may be inertial or accelerated and the background
state can be either the Minkowski (|0M〉) or the Rindler
(|0L, 0R〉) vacuum.

to the other.

We consider four different scenarios, which are summa-
rized by Table I. An experimenter (A) prepares states via
local operations on the vacuum background |Ω〉, whereas
another experimenter (B) carries out measurements via
local observables. Due to the nonequivalent notion of
vacuum states in different frames [19], here, we assume
that |Ω〉 may be equal to the Minkowski (|0M〉) or the
Rindler (|0L, 0R〉) vacuum [20], depending on the situa-
tion. Each scenario is labeled by an acronym, identified
by the nature of the experimenters A and B and of the
background vacuum state |Ω〉. The ABM scenario was
already studied in literature since it is characterized by
inertial experimenters (Alice and Bob) and by the Min-
kowski vacuum |0M〉 as the background state. Conversely,
the RaRbR and the RaRbM scenarios include only ac-
celerated observers (Rachel and Rob); the difference be-
tween RaRbR and RaRbM is given by the background
state |Ω〉 which is equal to the Rindler (|0L, 0R〉) or the
Minkowski (|0M〉) vacuum, respectively. Finally, in the
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ARbM scenario, the experimenter A is inertial, whereas
the experimenter B is accelerated; the local preparation
of states is performed over the Minkowski vacuum |0M〉.

To study the dependence between the outcomes of the
measurements by the experimenter B and the local prepa-
ration of states by the experimenter A, we extend the
definition of the Knight-Licht strict localization [14, 15]
to include the vacuum Rindler |0L, 0R〉 as a possible back-
ground state |Ω〉 in addition to the Minkowski vacuum
|0M〉. We say that a state |ψ〉 is strictly localized in the
spacetime region OA over |Ω〉 if it gives the same expec-
tation values as |Ω〉 for all measurements in any region
OB spacelike separated from OA, i.e.,

〈ψ|ÔB|ψ〉 = 〈Ω|ÔB|Ω〉, (1)

with ÔB as any observable localized in OB.

We consider different localization schemes to discuss
the problem of localization for inertial and accelerated
observers. We start from the Newton-Wigner scheme
for massless scalar real fields in 1+1 Minkowski and
Rindler spacetimes. By following the algebraic approach
to QFTCS [7, 19], we show that the Minkowski-Newton-
Wigner and the Rindler-Newton-Wigner schemes are in-
compatible to each other, in the sense that any operator
that is localized with respect to one of the two schemes
is not localized with respect to the other. It is known
that the Newton-Wigner localization is not preserved by
special relativistic transformations [2]; here, we find that
it is not preserved by General Relativistic (GR) diffeo-
morphisms either. Also, we demonstrate that, in the
Newton-Wigner ARbM scenario, the strict localization
property is not guaranteed for unitarily prepared local
states. In addition to the Hegerfeldt superluminal effect
[3, 4], we find a violation of causality that is caused by the
possibility for Alice to instantly send information to Rob
via local unitary operations. These results give further
motivations to disregard the Newton-Wigner scheme as
a faithful description of local phenomena in the QFTCS
regime.

After discussing the 1+1 Newton-Wigner scheme, we
study the AQFT scheme in 3+1 dimensions for massive
scalar real fields. In this case, the localization of states
and observables is based on the definition of local field
algebras A(O) which are associated to spacetime regions
O. By using the fact that O is a frame independent ob-
ject (i.e., without an intrinsic notion of coordinates), we
prove that the Minkowski and the Rindler AQFT schemes
are compatible, in the sense that inertial and accelerated
observers always agree about the localization of states
and observables. As a result, we show the covariant be-
havior of the AQFT localization under coordinate dif-
feomorphism. Also, due to the equivalence between the
Minkowski and the Rindler AQFT schemes, we find that
the RaRbR, RaRbM and ARbM scenarios share the same
features of the ABM scenario. This also includes the lack
of strict localization property in the case of selectively
prepared local states [14–18].

In addition to the AQFT scheme, we study the modal
localization scheme, which is based on the representation
of single particle states as positive frequency solutions
of the respective Klein-Gordon equation [1, 19]. Due to
the frame dependent content of particles [19, 20], we find
that the Minkowski and the Rindler modal schemes are
incompatible to each other, in the sense that there is
no state or observable that is simultaneously localized
with respect to both schemes. Hence, the modal scheme
does not satisfy the GR notion of physical equivalence be-
tween frames. Also, the strict localization property is not
guaranteed for nonselective preparations of states. Such
an issue occurs in both the Minkowski and the Rindler
frame, leading to violations of relativistic causality in all
four scenarios (i.e., ABM, RaRbR, RaRbM and ARbM).
The noncovariant and acausal features make the modal
scheme unsuitable for the description of local phenomena
in the relativistic regime.

In the nonrelativistic limit [21], instead, the modal
scheme acquires a genuine notion of localization due to
the convergence to the AQFT scheme. In such a regime,
we find the emergence of the Born interpretation of lo-
calized states, which is based on the factorization of the
global Hilbert space into local Fock spaces and the global
vacuum into the local vacua. Also, we show that the
strict localization property is always satisfied in the non-
relativistic ABM and RaRbR scenarios. Conversely, in
the nonrelativistic RaRbM and ARbM scenarios, it is
only guaranteed for nonselective (e.g., unitary) prepara-
tions of states. In the RaRbM scenario, this is due to the
fact that the background Minkowski vacuum |0M〉 is en-
tangled between the local Rindler-Fock spaces. In ARbM
case, instead, the cause is the incompatibility between
the Minkowski and the Rindler nonrelativistic schemes,
which, in turn, is due to the frame dependent notion of
the nonrelativistic limit [22].

The manuscript is organized as follows. In Sec. II, we
study the Newton-Wigner scheme for Rindler massless
scalar real fields in 1+1 dimensions. In Secs. III and IV,
we consider Rindler scalar fields in 3+1 dimensions and
we detail the AQFT and the modal scheme, respectively.
A comparison between the two localization schemes is
given in Sec. V. Their nonrelativistic limit, instead, is
detailed in Sec. VI. Conclusions are drawn in Sec. VII.

II. NEWTON-WIGNER SCHEME IN 1+1

SPACETIME

The Newton-Wigner scheme in the 3+1 Minkowski
spacetime is based on the definition of annihilation oper-
ators of particles with defined position as

âNW(~x) =

∫

R3

d3k
ei

~k·~x

√

(2π)3
â(~k), (2)

where â(~k) is the annihilator of the particle with mo-

mentum ~k [2]. In the attempt to generalize definition of
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the Minkowski-Newton-Wigner scheme in curved space-
time, we immediately find a problem. Specifically, the
existence of states with defined momentum are not al-
ways guaranteed, due to a possible lack of translational
symmetry in the Lagrangian theory.

Remarkably, massless scalar real fields in 1+1 space-
time are described by the same field equation in both the
Minkowski and the Rindler frames. Indeed, the Klein-
Gordon equation in 1+1 dimensions and with zero mass
is

(

∂20 − c2∂21
)

φ̂(t, x) = 0, (3)

whereas the Rindler-Klein-Gordon equation in 1+1 di-
mensions and with zero mass is

(

∂20 − c2∂21
)

Φ̂ν(T,X) = 0. (4)

Here, φ̂(t, x) is the scalar field in the Minkowski frame,
which is represented by the coordinates (t, x), whereas

Φ̂ν(T,X) is the scalar field in the ν-Rindler frame with
coordinates (T,X). The variable ν represents the Min-
kowski wedge covered by the respective Rindler coordi-
nate system (T,X); the left (ν = L) and right (ν = R)
wedges are defined, respectively, by x < c|t| and x > c|t|.
The coordinate transformation relating one frame to the
other is given by t = tν(T,X) and x = xν(T,X), with

tν(T,X) =
esνaX

ca
sinh(caT ), (5a)

xν(T,X) = sν
esνaX

a
cosh(caT ), (5b)

and where sν is such that sL = −1 and sR = 1. The
parameter a is proportional to the acceleration of the
Rindler frame.

As a consequence of Eqs. (3) and (4), both the Min-
kowski and the Rindler fields appear to be symmetric
with respect to spatial translations and admit the free
modes

f(k, t, x) =

√

~

4πc|k|e
−ic|k|t+ikx (6)

as solutions of the respective Klein-Gordon equation.
This leads to the decomposition

φ̂(t, x) =

∫

R

dk
[

f(k, t, x)â(k) + f∗(k, t, x)â†(k)
]

,

(7a)

Φ̂ν(T,X) =

∫

R

dK
[

f(K,T,X)Âν(K)

+f∗(K,T,X)Â†
ν(K)

]

, (7b)

with â(k) and Âν(K) as, respectively, the annihilator of
the Minkowski particle with momentum k and the anni-
hilator of the ν-Rindler particle with momentum K. The
respective canonical commutation relations are

[â(k), a†(k′)] = δ(k − k′), [â(k), â(k′)] = 0 (8)

and

[Âν(K), Â†
ν′(K

′)] = δνν′δ(K −K ′), (9a)

[Âν(K), Âν′(K ′)] = 0. (9b)

In this case, the Minkowski vacuum |0M〉 is defined by
â(k)|0M〉 = 0 for any k ∈ R, whereas the Rindler vacuum

|0L, 0R〉 by Âν(K)|0M〉 = 0 for any ν ∈ {L,R} and for
any K ∈ R.

By following Newton and Wigner [2], we define
the Minkowski-Newton-Wigner annihilation operator
âNW(x) as the anti-Fourier transform of â(k), i.e.,

âNW(x) =

∫

R

dk
eikx√
2π
â(k). (10)

Analogously, we define the Rindler-Newton-Wigner op-
erator ÂNW,ν(X) as

ÂNW,ν(X) =

∫

R

dK
eiKX

√
2π

Âν(K). (11)

The operator âNW(x) with fixed x generated the lo-
cal algebra ANW

M (x) in the Minkowski coordinate point x
with respect to the Minkowski-Newton-Wigner scheme.
More generally, for any V ⊂ R, the operators âNW(x)
with x ∈ V generate the local algebra ANW

M (V) in the

coordinate region V . Any operator Ô is localized in V
with respect to the Minkowski-Newton-Wigner scheme
if it is an element of ANW

M (V). The notion of local op-
erators gives the definition of localized states |ψ〉 based
on the local preparation of |ψ〉 over the background |Ω〉.
We say that the state |ψ〉 is localized in V over the
background |Ω〉 with respect to the Minkowski-Newton-

Wigner scheme if there is a local operator Ô ∈ ANW
ν (V)

such that |ψ〉 = Ô|Ω〉.
By using the Rindler operators Âν(K) instead of the

Minkowski operators â(k), we may extend the definition
of the Newton-Wigner scheme to the Rindler spacetime.
In that case, the operators ÂNW,ν(X) generate the local
algebras ANW

ν (X) in wedges ν = {L,R} and space points
X ∈ R. Similarly, we define the local algebras ANW

ν (V)
in the extended space regions V ⊂ R. The operator Ô is
said to be Rindler-Newton-Wigner localized in the wedge
ν and the region V if Ô ∈ ANW

ν (V). The state |ψ〉 = Ô|Ω〉
is Rindler-Newton-Wigner localized in ν and V over the
background |Ω〉 if Ô ∈ ANW

ν (V).
In the following subsections we study the ABM, the

RaRbR, the RaRbM and the ARbM scenarios introduced
in Sec. I.

A. Newton-Wigner ABM scenario

The Newton-Wigner ABM scenario is already dis-
cussed in the literature (see, e.g., Ref. [1]), as it is exclu-
sively described by means of the Newton-Wigner scheme
in Minkowski spacetime. States and observables are,
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respectively, prepared and measured by inertial experi-
menters and the background state is the Minkowski vac-
uum |0M〉. In this subsections, we detail the most rele-
vant features of the theory.

By using Eqs. (8) and (10), one obtains the commuta-
tion relation

[âNW(x), â†NW(x′)] = δ(x− x′), (12a)

[âNW(x), âNW(x′)] = 0. (12b)

Equation (12) implies that the Minkowski-Newton-
Wigner operators âNW(x) are local annihilation op-
erators, which induce a factorization of the global
Minkowski-Fock space HM into local Fock spaces
HNW

M (Vi), where {Vi} is any partition of R. By denot-
ing the vacuum state of each Fock space HNW

M (Vi) as
|0NW

M (Vi)〉, we find that the Minkowski vacuum |0M〉 fac-
torizes into the local vacua, i.e., |0M〉 =⊗i |0M(Vi)〉.

Due to the factorizations HM =
⊗

i HNW
M (Vi) and

|0M〉 =
⊗

i |0M(Vi)〉, any Minkowski-Fock state that is
localized in VA over the Minkowski vacuum |0M〉 factor-
izes as

|ψ〉 = ÔA|0M(V)〉 ⊗
[

⊗

i

|0M(Vi)〉
]

, (13)

where, in this case, {Vi} is a partition of R\VA and ÔA is
an operator acting on HNW

M (VA). Equation (13) implies
that the strict localization property is always satisfied in
the Minkowski-Newton-Wigner scheme. Explicitly, this
means that any state |ψ〉 = ÔA|0M〉 localized in VA

with respect to the Minkowski-Newton-Wigner scheme
over the Minkowski vacuum |0M〉 satisfies Eq. (1) with

|Ω〉 = |0M〉 and for any observable ÔB ∈ ANW
M (VB) with

VB disjoint from VA. In other words, |ψ〉 always appears
indistinguishable from |0M〉 in any VB disjoint from VA.
As a result, we find that, in the ABM scenario, the out-
comes of Bob’s measurements are always independent of
the preparation of the state by Alice.

B. Newton-Wigner RaRbR scenario

At variance with Sec. II A, here we consider the
Rindler-Newton-Wigner scheme to define localized states
and observables from the point of view of accelerated
experimenters. Also, we choose the Rindler vacuum
|0L, 0R〉 as the background over which states are pre-
pared, i.e., |Ω〉 = |0L, 0R〉.

By definition, the Rindler-Newton-Wigner operator
ÂNW,ν(X) annihilates the vacuum |0L, 0R〉 and has the
same algebraic properties as âNW(x) from the Minkow-
ski spacetime. Hence, all the features of the Minkowski-
Newton-Wigner scheme detailed in Sec. II A also apply
here.

In particular, we find that the Rindler-Newton-Wigner
operators satisfy the canonical commutation relation

[ÂNW,ν(X), Â†
NW,ν′(X

′)] = δνν′δ(X −X ′), (14a)

[ÂNW,ν(X), ÂNW,ν′(X ′)] = 0. (14b)

As a consequence of Eq. (14), the global Rindler-Fock
space HL,R factorizes into local Rindler-Fock spaces
HNW

ν (Vi) upon which elements of ANW
ν (Vi) act. We

note by |0ν(V)〉 the vacuum of HNW
ν (V). The factor-

ization of the global Rindler vacuum |0L, 0R〉 in HL,R =
⊗

ν

⊗

i HNW
ν (Vi) is |0L, 0R〉 =

⊗

ν

⊗

i |0ν(Vi)〉.
Due to the factorization of the Rindler-Fock space

HL,R =
⊗

ν

⊗

iHNW
ν (Vi) and the Rindler vacuum

|0L, 0R〉 =
⊗

ν

⊗

i |0ν(Vi)〉, we find that for any cou-

ple of operators ÔA ∈ ANW
νA

(VA) and ÔB ∈ ANW
νB

(VB),

the local state |ψ〉 = ÔA|0L, 0R〉 satisfies Eq. (1) with
|Ω〉 = |0L, 0R〉 if νA 6= νB or if VA and VB are disjoint.
Hence, any state localized with respect to the Rindler-
Newton-Wigner scheme is also strictly localized over the
Rindler vacuum.

This result can be understood in terms of the Newton-
Wigner RaRbR scenario introduced in Sec. I. An ac-
celerated experimenter (Rachel) prepares the state |ψ〉
over the Rindler vacuum |0L, 0R〉 by means of Newton-
Wigner local operators in ANW

νA
(VA). The accelerated

observer Rob performs measurements by using elements
of ANW

νB
(VB). We find that the local preparation of |ψ〉

in νA and VA do not influence measurements in νB and
VB. This result is equivalent to the one obtained for the
Newton-Wigner ABM scenario in Sec. II A.

C. Newton-Wigner RaRbM scenario

In this subsection, we still assume that all experi-
menters are accelerated. However, we consider the case
in which laboratory phenomena are described as occur-
ring over the Minkowski vacuum background |0M〉.

The identity relating |0M〉 to the Rindler vacuum
|0L, 0R〉 can be obtained by computing the Bogoliubov
transformation between the Minkowski and the Rindler
operators [20]

â(k) =

∫

R

dK
[

α(k,K)ÂL(K)− β∗(k,K)Â†
L(K)

+α∗(k,K)ÂR(K)− β(k,K)Â†
R(K)

]

, (15)

with Bogoliubov coefficients

α(k,K) = θ(kK)

√

K

k
F (k,K), (16a)

β(k,K) = θ(kK)

√

K

k
F (−k,K) (16b)

and with

F (k,K) =

∫

R

dX

2π
exp

(

−iKX + i
k

a
eaX

)

, (17)

Equation (15) leads to

|0M〉 ∝ exp

(∫

R

dKe−π|K|/aÂ†
L(K)Â†

R(K)

)

|0L, 0R〉.
(18)
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As a consequence of Eq. (18), we find that the fac-
torization |0L, 0R〉 =

⊗

ν

⊗

i |0ν(Vi)〉 does not hold
for the Minkowski vacuum, in the sense that |0M〉 6=
⊗

ν

⊗

i |0ν(Vi)〉. This implies that Eq. (1) does not nec-

essarily hold when |Ω〉 = |0M〉, even if |ψ〉 = ÔA|0M〉 and

if the operators ÔA and ÔB are Rindler-Newton-Wigner
localized in two disjoint regions.

However, one can show that the unitarity preparation
of |ψ〉 is a sufficient condition for Eq. (1). In particular,

if ÔA is a unitary element of ANW
νA

(VA) and if ÔB is an

element of ANW
νB

(VB), with νB 6= νA or with VB disjoint
from VA, then we have that

〈0M|Ô†
AÔBÔA|0M〉 = 〈0M|Ô†

AÔAÔB|0M〉 = 〈0M|ÔB|0M〉.
(19)

since [ÔA, ÔB] = 0 and Ô†
AÔA = 1. As a result, we

find that when the Minkowski vacuum |0M〉 is chosen as
a background state, the strict localization property in
the Rindler-Newton-Wigner scheme is only guaranteed
for unitary preparations of states.

Notice that the unitary condition Ô†
AÔA = 1 has been

crucial for the proof of Eq. (1). This result can be ex-
tended to a larger class of operations, known as local
nonselective operations, which are defined by means of
local Kraus operators K̂i ∈ ANW

νA
(VA) [23] satisfying the

nonselective condition
∑

i K̂
†
i K̂i = 1. The state prepared

by K̂i is described by the statistical operator

ρ̂ =

∑

i K̂i|0M〉〈0M|K̂†
i

∑

i〈0M|K̂†
i K̂i|0M〉

. (20)

Notice that unitary transformations are nonselective op-
erations with a single Kraus operator. For any ÔB ∈
A(OB) spacelike separated from OA, we find that

Tr(ρ̂ÔB) = 〈0M|ÔB|0M〉 (21)

as a consequence of the commutation identity [K̂i, ÔB] =

0 and the nonselective condition
∑

i K̂
†
i K̂i = 1. In

Eq. (21), the outcome of the measurements carried out
by Rob are given by the Minkowski vacuum |0M〉, which
means that ρ̂ is strictly localized in OA.

We can interpret this results in the context of the
RaRbM scenario, which is equivalent to the RaRbR sce-
nario, except for the Minkowski vacuum |0M〉 replacing
the Rindler vacuum |0L, 0R〉 as the background state. We
find that, in the Newton-Wigner RaRbM experiment, se-
lective preparations by Rachel may be detected by Rob;
whereas nonselective operations on the vacuum |0M〉 suf-
fice to not influence measurements in the other disjoint
region.

The effect looks very similar to the Reeh-Schlieder non-
locality [14–18] for two reasons: (i) The local prepara-
tion of states affects local measurements in a separated
region, except when only nonselective preparations are
considered; (ii) The origin of the effect is ascribed to a
background state that does not factorize into local vacua.

D. Newton-Wigner ARbM scenario

The last scenario that we want to detail is the ARbM.
In this case, states are prepared by an inertial ob-
server (Alice) via Minkowski-Newton-Wigner operators
âNW(x).

The identity relating âNW(x) to ÂNW,ν(X) can be
computed by means of Eqs. (10), (11) and (15), which
give

âNW(x)

=

∫

R

dX
[

α̃L(x,X)ÂNW,L(X)− β̃∗
L(x,X)Â†

NW,L(X)

+α̃∗
R(x,X)ÂNW,R(X)− β̃R(x,X)Â†

NW,R(X)
]

, (22)

with

α̃ν(x,X) =

∫

R

dk

∫

R

dK
e−sν ikx+sν iKX

2π
α(k,K), (23a)

β̃ν(x,X) =

∫

R

dk

∫

R

dK
esν ikx+sν iKX

2π
β(k,K). (23b)

By using Eqs. (16) and (17) in Eq. (23), we find that

the support of the kernel functions α̃ν(x,X) and β̃ν(x,X)
with respect to the variable X is the entire real axis R.
Hence, the Minkowski-Newton-Wigner operator âNW(x)
is not localized with respect to the Rindler-Newton-
Wigner scheme. Due to the nontrivial Bogoliubov trans-
formation relating the two sets of creators and annihila-
tors, we find that the Minkowski and the Rindler Newton-
Wigner schemes are incompatibles. Hence, the notion of
Newton-Wigner localization is noncovariant with respect
to GR diffeomorphisms.

In Sec. II A, we discussed the Newton-Wigner ABM
scenario, where both preparation of states and measure-
ments are preformed by means of operators localized with
respect to the Minkowski-Newton-Wigner scheme and
over the Minkowski vacuum |0M〉. The independence be-
tween preparation and measurement is a consequence of
the factorization of the global Minkowski-Fock space HM

into local Fock spaces HNW
M (Vi) with local vacua |0M(Vi)〉

and the global vacuum |0M〉 into the local vacua |0M(Vi)〉.
In the ARbM scenario, the inertial observer Bob is re-
placed by the accelerated observer Rob, who has access
to the algebra ANW

νB
(VB). Due to the incompatibility be-

tween the Minkowski and the Rindler Newton-Wigner
schemes, any operator ÔB ∈ ANW

νB
(VB) measured by Rob

is actually global with respect to the Minkowski-Newton-
Wigner scheme, i.e., ÔB ∈ ANW

M (R). For this reason, the

preparation of the state |ψ〉 = ÔA|0M〉 by Alice, with

ÔA ∈ A
NW
M (VA), may influence the measurement of ÔB

by Rob.
In Ref. [24], we showed an explicit example in which

such a nonlocal effect occurs. In particular, we con-
sidered a Minkowski single particle localized in the left
wedge with respect to the Newton-Wigner scheme and we
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demonstrated that its preparation affects measurements
of Rindler observables in the right wedge.

It has been argued that selective operations cannot be
used to instantly send information to other disjoint re-
gions [11, 16–18]. On the other hand, nonselective local
preparations of states in OA affecting local measurements
of observables in OB lead to violations of causality. In the
ARbM scenario, the independence between local prepa-
rations of states and local measurements of observables
by the two experimenters is not guaranteed by the uni-
tarity of ÔA. Hence, the nonlocal effect predicted here
is in contradiction with causality. In principle, Alice can
unitarily prepare a local state to instantly send infor-
mation to Rob if they are localized with respect to the
Newton-Wigner scheme of their respective frame.

We highlight the novelty of this subsection by recalling
the features of the Newton-Wigner localization in QFT.
It has been pointed out that noncovariance under Lorentz
transformation and superluminal spreading of the wave
function are unavoidable features of the Newton-Wigner
scheme [2–4]. However, the theory is not problematic
at all if one fixes the Lorentz frame and only considers
the spacelike hypersurface t = 0. We remark that the
acausal effect of the Hegerfeldt theorem can only be de-
tected at times different from t = 0, though arbitrary
close from it. Here, instead, we only consider the initial
hypersurface t = 0 and no Lorentz boost, since at that
time the accelerated observer has zero velocity in the in-
ertial frame. Instead, we consider noninertial coordinate
transformations. We show the noncovariance under dif-
feomorphism and we derive the violation of causality oc-
curring at the instant t = 0. Hence, we conclude that the
Newton-Wigner scheme lack GR covariance in addition
to special relativistic covariance and that acausal effects
already occur at t = 0 for an inertial and a noninertial
observer.

III. AQFT SCHEME

Hereafter, we consider a massive scalar real fields in

3+1 dimensional flat spacetime. We refer to φ̂(t, ~x) as
the representation of the field in the Minkowski frame

(t, ~x) = (t, x, y, z), whereas Φ̂ν(T, ~X) is the field in the

ν-Rindler frame with coordinates (T, ~X) = (T,X, Y, Z).

The identity relating φ̂(t, ~x) to Φ̂ν(T, ~X) is

Φ̂ν(T, ~X) = φ̂(tν(T, ~X), ~xν(T, ~X)), (24)

where

tν(T, ~X) =
esνaZ

ca
sinh(caT ), xν(T, ~X) = X, (25a)

yν(T, ~X) = Y, zν(T, ~X) = sν
esνaZ

a
cosh(caT ) (25b)

is the coordinate transformation from one frame to the
other. Equation (24) reflects the fact that the field trans-
forms as a scalar under diffeomorphisms.

In this section, we study the AQFT localization scheme
for both inertial and accelerated observers. We consider
the algebraic approach to QFT, which is based on the
notion of local algebra A(E) associated to each space-
time event E . A(E) is defined as the algebra generated

by the field operator φ̂(xµ), with xµ as the Minkowski
coordinate representing E . As a consequence of Eq. (24),
the local algebra A(E) can be equivalently defined with

respect to the field operator Φ̂ν(T, ~X) if the wedge ν and
the Rindler coordinate Xµ represent the same event E .
Crucially, we find that local field operators in each frame

(i.e., φ̂(xµ) and Φ̂ν(X
µ)) emerge as a coordinatization

to the same local algebraic structure given by A(E) and,
hence, they provide different representations of the same
theory. This gives an unifying formulation of the AQFT
for both inertial and accelerated frame, which reflects the
frame independent notion of spacetime events E .

The AQFT localization scheme is based on the defini-
tion of the local algebras A(E). The operator Ô is said to
be localized in the spacetime event E with respect to the
AQFT scheme if it is an element of A(E). We also say
that the state |ψ〉 is localized in E over the background
|Ω〉 if it is the result of local operations on |Ω〉 in E ; ex-

plicitly, this means that there is an Ô ∈ A(E) such that

|ψ〉 = Ô|Ω〉. In addition to spacetime events E , one can
consider extended regions O and say that the observable
Ô and the state |ψ〉 = Ô|Ω〉 are localized in O over the

background |Ω〉 if Ô belongs to the local algebra A(O).

To see an example, consider the Rindler spacetime co-

ordinate (T, ~X) and the real scalar field Ô = Φ̂ν(T, ~X)

evaluated at the point (T, ~X) and at the wedge ν. The

observable Φ̂ν(T, ~X) is an element of A(E), where E is

the spacetime event represented by (T, ~X) and ν in the
Rindler coordinate system. Hence, we say that the ob-
servable Ô is localized in E with respect to the AQFT
scheme. Also, the state |ψ〉 = Ô|Ω〉 is localized in E over
the background |Ω〉.

Notice that, as a consequence of Eq. (24), the operator

Ô = Φ̂ν(T, ~X) can be written in terms of the Minkow-

ski scalar field as φ̂(tν(T, ~X), ~xν(T, ~X)). The Minkowski

coordinate point (t, ~x) = (tν(T, ~X), ~xν(T, ~X)) represents
the same event E identified by the Rindler coordinate

(T, ~X) and the wedge ν. We find that if an observable
is localized in an event E with respect to an accelerated
observer, it is also localized in E with respect to an iner-
tial observer. Hence, the notion of localization in AQFT
appears to be frame independent, in the sense that in-
ertial and accelerated observers agree on the region in
which states and observables are localized. As a result,
we obtain a notion of localization that obeys physical in-
variance under diffeomorphisms, in agreement with the
GR theory.

The frame independent notion of the AQFT scheme
can be described in terms of local preparation of states
over the background |Ω〉 and local measurements of ob-
servables. We consider an inertial and an accelerated
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experimenter, Alice and Rachel, that prepare states in
each of their frames. If they are both localized in the
same spacetime region, they share the same algebra of
operators and may, in principle, prepare the same state.
The only difference is given by the respective coordinate
systems by means of which they describe the spacetime.
Analogously, an inertial and an accelerated experimenter,
Bob and Rob, can perform the same measurement if they
are localized in the same region of spacetime.

In addition to the invariance under diffeomorphisms,
the relativistic notion of causality is included in the for-
mulation of the AQFT scheme. This is a consequence of
the canonical communication relations

[

φ̂(t, ~x), φ̂(t′, ~x′)
]

= i~∆KG(t− t′, ~x− ~x′) (26)

satisfied by the bosonic field φ̂(t, ~x). Here,

∆KG(t, ~x) =
−i

(2π)3

∫

R3

d3k

2ω(~k)

×
[

e−iω(~k)t+i~k·~x − eiω(~k)t−i~k·~x
]

(27)

is the Pauli–Jordan function (i.e., retarded minus ad-
vanced propagator) and

ω(~k) =

√

(

mc2

~

)2

+ c2|~k|2 (28)

is the frequency of the particle with momentum ~k and
mass m. Equations (26) and (27) imply that field opera-
tors commute if they are spacelike separated. Hence, for
any couple of operators ÔA ∈ A(OA) and ÔB ∈ A(OB),

we find that [ÔA, ÔB] = 0 if OA and OB are spacelike
separated regions of spacetime. This is known as the
microcausality axiom of AQFT [7].

The commutativity between the local algebras A(OA)
and A(OB) ensures that measurements conducted in OA

and OB do not influence each other. Also, it guarantees
the independence between unitary local preparation of
states in OA and local measurements in OB. To see this,
assume that the state |ψ〉 = ÔA|Ω〉 is prepared by means

of the unitary local operator ÔA ∈ A(OA) and consider

any observables ÔB ∈ A(OB). By using the commutation

identity [ÔA, ÔB] = 0 the unitary condition Ô†
AÔA = 1,

prove that

〈Ω|Ô†
AÔBÔA|Ω〉 = 〈Ω|Ô†

AÔAÔB|Ω〉 = 〈Ω|ÔB|Ω〉, (29)

which implies that |ψ〉 is strictly localized in OA [Eq. (1)].
This result can be extended to the case of nonse-

lective operations by means of local Kraus operators

K̂i ∈ A(OA) satisfying the condition
∑

i K̂
†
i K̂i = 1. The

action of K̂i on the background |Ω〉 gives the state

ρ̂ =

∑

i K̂i|Ω〉〈Ω|K̂†
i

∑

i〈Ω|K̂
†
i K̂i|Ω〉

, (30)

which appears to be strictly localized, since it satisfies
the identity

Tr(ρ̂ÔB) = 〈Ω|ÔB|Ω〉. (31)

In the AQFT scheme, the strict localization property
is only guaranteed for nonselective operations. Selective
preparations of states, instead, do not satisfy the strict
localization property and, hence, they violate the inde-
pendence between the operations in OA and OB even
when they are spacelike separated. Such a result is inde-
pendent of the nature of the experimenters in OA and OB.
They can be both inertial, both accelerated or one iner-
tial and the other one accelerated; in all of these cases,
nonlocal effects occur if states are prepared via selec-
tive operations. This is due to the fact that inertial and
accelerated observers agree on the localization of states
and observables. We find that, in the AQFT scheme, all
the proposed scenarios (i.e., ABM, RaRbR, RaRbM and
ARbM) are guaranteed to satisfy the strict localization
property only for nonselective preparations of states.

IV. MODAL SCHEME

In this section, we consider the scalar field in the Min-

kowski (φ̂(t, ~x)) and the Rindler (Φ̂ν(T, ~X)) spacetime
and we study the modal scheme in each frame. Such a
localization scheme is based on the representation of sin-
gle particle states as positive frequency solutions of the
respective Klein-Gordon equation.

This section is organized as follows. In Sec. IVA, we
give a brief introduction on the modal representation of
Minkowski and Rindler particles in terms of their modal
wave functions; a more detailed analysis can be found in
Ref. [21]. In Sec. IVB, we use the modal representation
of particles to define localized states and observables from
the point of view of inertial and accelerated observers. In
Sec. IVC, we show that the modal scheme is incompatible
with relativistic causality and physical invariance under
diffeomorphism and, hence, it does not entail any genuine
notion of localization in the QFTCS regime, at variance
with the AQFT scheme.

A. Modal representation of Minkowski and Rindler

particles

The Minkowski-Klein-Gordon equation is
[

ηµν∂µ∂ν −
(mc

~

)2
]

φ̂(t, ~x) = 0, (32)

where ηµν = diag(−c−2, 1, 1, 1) is the Minkowski metric.
The Rindler-Klein-Gordon equation, instead, is

{

c2esν2aZ
[

∂21 + ∂22 −
(mc

~

)2
]

−∂20 + c2∂23
}

Φ̂ν(T, ~X) = 0. (33)
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The respective positive frequency solutions of each field
equation are

f(~k, t, ~x) =

√

~

(2π)32ω(~k)
e−iω(~k)t+i~k·~x (34)

for the Minkowski-Klein-Gordon equation (32) and

Fν(Ω, ~K⊥, T, ~X) = F̃ (Ω, ~K⊥, sνZ)e
i ~K⊥· ~X⊥−iΩT , (35)

with

F̃ (Ω, ~K⊥, Z) =
1

2π2c

√

~

a

∣

∣

∣

∣

sinh

(

πΩ

ca

)∣

∣

∣

∣

×KiΩ/ca

(

κ( ~K⊥)
eaZ

a

)

, (36)

for the Rindler-Klein-Gordon equation (33) [20]. The
functions appearing in Eq. (36) are

κ( ~K⊥) =

√

(mc

~

)2

+ | ~K⊥|2 (37)

and Kζ(ξ) as the modified Bessel function of the second

kind. For simplicity, we define ~θ = (Ω, ~K⊥) as the collec-
tion of Rindler quantum numbers.

The modes of each frame are orthogonal with respect
to the Klein-Gordon product

(ψ, ψ′)KG =
i

~

∫

R3

d3x [ψ∗(t, ~x)∂0ψ
′(t, ~x)

−ψ′(t, ~x)∂0ψ
∗(t, ~x)] . (38)

Explicitly, the orthogonality condition for f(~k, t, ~x) is

(f(~k), f(~k′))KG = δ3(~k − ~k′), (39a)

(f∗(~k), f∗(~k′))KG = −δ3(~k − ~k′), (39b)

(f(~k), f∗(~k′))KG = 0, (39c)

while for Fν(~θ, T, ~X),

(F (~θ), F (~θ′))KG = δ3(~θ − ~θ′), (40a)

(F ∗(~θ), F ∗(~θ′))KG = −δ3(~θ − ~θ′), (40b)

(F (~θ), F ∗(~θ′))KG = 0. (40c)

By means of the modes f(~k, t, ~x) and Fν(~θ, T, ~X), the

fields φ̂(t, ~x) and Φ̂ν(T, ~X) can be decomposed as

φ̂(t, ~x) =

∫

R3

d3k
[

f(~k, t, ~x)â(~k) + f∗(~k, t, ~x)â†(~k)
]

,

(41)
and

Φ̂ν(T, ~X)

=

∫ ∞

0

dΩ

∫

R2

d2K⊥

[

Fν(Ω, ~K⊥, T, ~X)Âν(Ω, ~K⊥)

+F ∗
ν (Ω,

~K⊥, T, ~X)Â†
ν(Ω,

~K⊥)
]

, (42)

respectively. Here, â(~k) is the Minkowski annihilation

operator of the particles with momentum ~k satisfying the
canonical commutation relation

[â(~k), â†(~k′)] = δ3(~k − ~k′), [â(~k), â(~k′)] = 0. (43)

Conversely, Âν(Ω, ~K⊥) is the annihilator of the ν-Rindler

particle with frequency Ω and transverse momentum ~K⊥

satisfying

[Âν(~θ), Â
†
ν′(~θ

′)] = δνν′δ3(~θ − ~θ′), [Âν(~θ), Âν′ (~θ′)] = 0.
(44)

In the modal representation, single particle states

are described by the positive frequency modes f(~k, t, ~x)

and Fν(Ω, ~K⊥, T, ~X). The function f(~k, t, ~x) represents

the Minkowski particle with momentum ~k evolved in
time with respect to the Schrödinger picture; whereas

Fν(Ω, ~K⊥, T, ~X) represents the ν-Rindler particle with

frequency Ω and transverse momentum ~K⊥.
For any Minkowski-Fock state

|ψ〉 =
[

∞
∑

n=1

1√
n!

∫

R3n

d3nknψ̃n(kn)

n
∏

l=1

â†(~kl) + ψ̃0

]

|0M〉,

(45)
its representative in the modal representation is

ψn(t,xn) =

(

2mc2

~2

)n/2 ∫

R3n

d3nkn

× ψ̃n(kn)

n
∏

l=1

f(~kl, t, ~xl). (46)

Conversely, the Rindler-Fock state

|Ψ〉 =
[

∞
∑

n=1

1√
n!

∑

νn

∫

[(0,∞)⊗R2]n
d3nθn

×Ψ̃n(νn, θn)

n
∏

l=1

Â†
νl(
~θl) + Ψ̃0

]

|0L, 0R〉, (47)

is represented by

Ψn(T,νn,Xn) =

(

2mc2

~2

)n/2 ∫

[(0,∞)⊗R2]n
d3nθn

× Ψ̃n(νn, θn)

n
∏

l=1

Fνl(
~θl, T, ~Xl). (48)

Here, the vectors kn = (~k1, . . . , ~kn) and (νn, θn) =

((ν1, ~θ1), . . . , (νn, ~θn)) are collections of quantum num-

bers; xn = (~x1, . . . , ~xn) and Xn = ( ~X1, . . . , ~Xn) are 3n
vectors collecting n position coordinates in the respective
frame; the sum

∑

νn
runs over all possible combinations
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of νl ∈ {L,R}. When n = 0, we assume ψ0 = ψ̃0 and

Ψ0 = Ψ̃0. Hereafter, we refer to ψ̃n(kn) and ψn(t,xn) as
modal wave functions of |ψ〉 in, respectively, the momen-

tum and the position space; analogously, Ψ̃n(νn, θn) and
Ψn(T,νn,Xn) are modal wave functions of the Rindler-
Fock state |Ψ〉.

B. Modal localization of states and observables

The modal representation of states by means of the
wave functions ψn(0,xn) and Ψn(0,νn,Xn) naturally
lead to a notion of localization for Minkowski and Rindler
particles based on the support of their modal wave func-
tions in position space. We say that the Minkowski-Fock
state |ψ〉 ∈ HM is localized in the Minkowski coordinate
region V at t = 0 over the Minkowski vacuum |0M〉 and
with respect to the Minkowski modal scheme if its wave
function ψn(0,xn) is supported in Vn, in the sense that
ψn(0,xn) = 0 when there is an l ∈ {1, . . . , n} such that
~xl /∈ V . Analogously the Rindler-Fock state |Ψ〉 ∈ HL,R

is localized in the wedge ν and in the volume V at T = 0
over the Rindler vacuum |0L, 0R〉 and with respect to
the Rindler modal scheme if Ψn(0,νn,Xn) is supported
in νn ⊗ Vn, i.e., Ψn(0,νn,Xn) = 0 when there is an
l ∈ {1, . . . , n} such that νl 6= ν or ~xl /∈ V .

The localization of Minkowski-Fock states over the
Minkowski vacuum |0M〉 and Rindler-Fock states over
the Rindler vacuum |0L, 0R〉 provide a natural definition

of local operators. We say that Ô is localized in the
Minkowski coordinate region V with respect to the Min-
kowski modal scheme if the state Ô|0M〉 is localized in
V over the Minkowski vacuum |0M〉 with respect to the

Minkowski modal scheme. Conversely, Ô is localized in
the wedge ν and in the volume V with respect to the
Rindler modal scheme if Ô|0L, 0R〉 is localized in ν and
V over the Rindler vacuum |0L, 0R〉 with respect to the
Rindler modal scheme. This naturally leads to the defini-
tion of local algebras Amod

M (V) and Amod
ν (V) respectively

generated by operators localized in V with respect to the
Minkowski modal scheme and by operators localized in ν
and V with respect to the Rindler modal scheme. We can
also consider the limiting situation in which the region
V is point-like and define the modal algebras Amod

M (~x)

and Amod
ν ( ~X) in the Minkowski coordinate ~x and in the

ν-Rindler coordinate ~X.

The generators of the algebras Amod
M (V) and Amod

M (~x)
can be found by inverting Eq. (46) and by writing Eq.(45)
in terms of the wave function ψn(0,xn). The inverse of
Eq. (46) is

ψ̃n(kn) =

[

~

(2π)3mc2

]n/2 ∫

R3n

d3nxn

× ψn(0,xn)

n
∏

l=1

[
√

ω(~kl)e
−i~kl·~xl

]

, (49)

which can be plugged in Eq. (45) to obtain

|ψ〉 = â†mod[ψ]|0M〉, (50)

with

â†mod[ψ] =

∞
∑

n=0

1√
n!

∫

R3n

d3nxnψn(0,xn)

n
∏

l=1

â†mod(~xl),

(51)
and with

âmod(~x) =

∫

R3

d3k

√

~ω(~k)

(2π)3mc2
ei

~k·~xâ(~k). (52)

By definition, |ψ〉 is localized in V over |0M〉 with respect
to the Minkowski modal scheme if Ψn(0,νn,Xn) is sup-

ported in Vn. This means that the operator â†mod[ψ] is an
element of Amod

M (V), with V as the support of ψn(0,xn).
Also, we find that the generators of the algebra Amod

M (V)
are the operators âmod(~x) with ~x ∈ V ; whereas, âmod(~x)
is the generator of Amod

M (~x).
The inverse of Eq. (48) is

Ψ̃n(νn, θn) =

(

2mc2

~2

)n/2 ∫

R3n

d3nXn

×Ψn(0,νn,Xn)

n
∏

l=1

F∗
νl(
~θl, 0, ~Xl), (53)

with

Fν(Ω, ~K⊥, T, ~X) =
~Ω

mc2
Fν(Ω, ~K⊥, T, ~X). (54)

Equation (53) is a result of

∫

R3

d3X
2mc2

~2
Fν(~θ, 0, ~X)F∗

ν (
~θ′, 0, ~X) = δ3(~θ − ~θ′), (55)

which can be derived from Eqs. (35), (54) and from

∫ ∞

0

dz
2Ω

~az
F̃ (Ω, ~K⊥, ZR(z))F̃ (Ω

′, ~K⊥, ZR(z))

=
1

4π2
δ(Ω− Ω′). (56)

The proof for Eq. (56) is shown in Appendix A.
By using Eq. (53) in Eq. (47) we obtain

|Ψ〉 = Â†
mod,ν [Ψ]|0L, 0R〉, (57)

with

Â†
mod,ν [Ψ] =

∞
∑

n=0

1√
n!

∑

νn

∫

R3n

d3nXn

×Ψn(0,νn,Xn)

n
∏

l=1

Â†
mod,νl

( ~Xl), (58)



10

and with

Âmod,ν( ~X) =

∫

θ1>0

d3θ

√
2mc2

~
Fν(~θ, 0, ~X)Âν(~θ). (59)

By using the definition of localized states with respect to
the Rindler modal scheme, we find that Amod

ν (V) is gener-

ated by the operators Âmod,ν( ~X) with ~X ∈ V . For fixed

Rindler coordinate ~X, the operator Âmod,ν( ~X) generates

the algebra Amod
ν ( ~X).

By means of the local algebras Amod
M (~x), it is possible

to extend the definition of localized states with respect to
the Minkowski modal scheme to include any background
|Ω〉 that differs from the Minkowski vacuum |0M〉. In par-

ticular, we say that the state |ψ〉 = Ô|Ω〉 is localized in ~x
over the background |Ω〉 with respect to the Minkowski

modal scheme if Ô is an element of Amod
M (~x). Analo-

gously, we say that the state |Ψ〉 = Ô|Ω〉 is localized in

ν and ~X over the background |Ω〉 with respect to the

Rindler modal scheme if Ô is an element of Amod
ν ( ~X).

C. The modal scheme is noncovariant and acausal

The noncovariant behavior of the modal scheme can
be proven by noticing that the Rindler modal scheme
is not compatible with the Minkowski modal scheme,
in the sense that no state or operator is localized in
the same spacetime event with respect to both schemes.
Mathematically, this means that the algebras Amod

M (~x)

and Amod
ν ( ~X) do not coincide, even if ~x and ~X rep-

resent the same point in the ν wedge, i.e., ~x =

~xν(0, ~X). This is a consequence of the nontrivial Bogoli-
ubov transformation relating the Rindler modal opera-

tors Âmod,ν( ~X) [Eq. (59)] to their Minkowski counterpart
âmod(~x) [Eq. (52)], i.e.,

âmod(~x)

=
∑

ν={L,R}

∫

R3

d3X
[

f+
mod,ν 7→mod(~x,

~X)Âmod,ν( ~X)

+f−
mod,ν 7→mod(~x,

~X)Â†
mod,ν(

~X)
]

, (60)

with

f±
mod,ν 7→mod(~x,

~X) =

∫

R3

d3k

∫

θ1>0

d3θ

√

ω(~k)

4π3~
ei

~k·~x

× αν(~k,±~θ)F ∗
ν (±~θ, 0, ~X). (61)

Equation (60) can be derived from the Bogoliubov
transformation relating Minkowski operators to Rindler
operators

â(~k) =
∑

ν={L,R}

∫

θ1>0

d3θ
[

αν(~k, ~θ)Âν(~θ)

+αν(~k,−~θ)Â†
ν(
~θ)
]

, (62)

with

αν(~k, ~θ) =

∫

R3

d3x
θ(sνz)

~

[

sνθ1
az

+ ω(~k)

]

f∗(~k, 0, ~x)

× F̃ (~θ, sνZν(z))e
i~θ⊥·~x⊥ , (63)

and from the inverse of (59), i.e.,

Âν(~θ) =

∫

R3

d3X

√
2mc2

~
F ∗
ν (
~θ, 0, ~X)Âmod,ν( ~X). (64)

Equation (62) can be derived from Eqs. (24) and (42)
and by inverting (41) by means of Eq. (39). Equation
(64), instead, can be proven by using Eq. (55).

Equation (60) implies that Amod
M (~x) 6= Amod

ν ( ~X) when

~x = ~xν(0, ~X). As a result, we find that the modal local-
ization scheme does not satisfy GR covariance under dif-
feomorphism and cannot be used to describe local phys-
ical phenomena in the QFTCS regime.

To prove the incompatibility between the modal
scheme and the relativistic causality, one can notice that
operators localized in different regions of the space do
not generally commute. In the case of Minkowski modal
scheme, one can see this by computing

[âmod(~x), â
†
mod(~x

′)] =

∫

R3

d3k
~ω(~k)

mc2
ei

~k·(~x−~x′)

(2π)3
, (65a)

[âmod(~x), âmod(~x
′)] = 0 (65b)

from Eqs. (43) and (52). By using Eqs. (44) and (59),
instead, one can derive the commutation relation

[Âmod,ν( ~X), Â†
mod,ν′( ~X

′)] =δνν′

∫

θ1>0

d3θ
2mc2

~2

×Fν(~θ, 0, ~X)F∗
ν (
~θ, 0, ~X ′),

(66a)

[Âmod,ν( ~X), Âmod,ν′( ~X ′)] =0, (66b)

which implies that the operators Âmod,ν( ~X) and

Â†
mod,ν(

~X ′) do not commute with each other, even if ~X

is different from ~X ′. Also, by means of Eqs. (60) and
(66) it can be proven that âmod(~x) does not commute

with Âmod,ν( ~X) nor Â†
mod,ν(

~X), even if the Minkowski
coordinate ~x represents the same event of the ν-Rindler

coordinate ~X.
As a result, we find that operators localized in differ-

ent regions with respect to the Minkowski modal scheme
or with respect to the Rindler modal scheme are not
guaranteed to commute. Explicitly, this means that
[ÔA, ÔB] 6= 0 for some couples of operators ÔA and

ÔB which are localized in disjoint regions with respect
to any modal scheme, i.e., ÔA ∈ Amod

M (VA) and ÔB ∈
Amod

M (VB) with VA ∩ VB 6= ∅, or ÔA ∈ Amod
ν (VA) and

ÔB ∈ Amod
ν (VB) with VA ∩ VB 6= ∅, or ÔA ∈ Amod

M (VA)
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and ÔB ∈ Amod
ν (VB) with VA and VB representing dis-

joint regions of the spacetime.
The commutativity of operators localized in spacelike

separated regions is a necessary condition for the com-
patibility between the localization scheme and the rela-
tivistic causality. When two operators ÔA and ÔB do
not commute, the corresponding measurements are not
independent. Hence, the local measurements conducted
by an observer in the space region VA may influence the
results of measurements carried out in a disjoint region
VB.

Also, the preparations of the state |ψ〉 in VA may influ-
ence measurements in VB, even if |ψ〉 is prepared via uni-
tary operation. This result may be interpreted in terms of
the modal ABM, RaRbR, RaRbM and ARbM scenarios,
in which each experimenter prepares local states and car-
ries out local measurements using the respective modal
scheme. Specifically, in the modal ABM scheme, both Al-
ice and Bob describe localized states and observables with
respect to the Minkowski modal scheme over the Minkow-
ski vacuum |0M〉; in the modal RaRbR and RaRbM sce-
narios, the experimenters use the Rindler modal scheme
over, respectively, the Rindler vacuum |0L, 0R〉 and the
the Minkowski vacuum |0M〉; in the modal ARbM sce-
nario Alice uses the Minkowski modal scheme over |0M〉,
while Rob uses the Rindler modal scheme. In all of these
cases, the preparation of states by the experimenter A
may influence measurements carried out by the experi-
menter B.

Crucially, the violation of independence between
preparations of states and measurements of observables
in disjoint regions also occurs for unitary operations. In
other words, the strict localization property (1) is not
guaranteed for unitary prepared states that are localized
with respect to the modal scheme. To see this, assume
that the state |ψ〉 = ÔA|Ω〉 is localized in OA over |Ω〉,
with ÔA satisfying the unitary condition Ô†

AÔA = 1, and

consider any operator ÔB measured by the experimenter
B in OB. By using the noncommutative identity for op-
erators localized in different regions, we find that

〈ψ|ÔB|ψ〉 = 〈Ω|Ô†
AÔBÔA|Ω〉

6=〈Ω|Ô†
AÔAÔB|Ω〉 = 〈Ω|ÔB|Ω〉, (67)

which means that the unitary preparation of |ψ〉 by ex-
perimenter A is able to influence measurements by exper-
imenter B in ÔB. This leads to a violation of causality.

An additional acausal effect is given by the instanta-
neous spreading of modal wave functions ψn(t,xn) and
Ψn(T,νn,Xn). It can be shown that if a wave function
has compact support in V at initial time t = T = 0, then,
immediately after, it develops tails outside the light-cone
of V . This issue is due to the fact that ψn(t,xn) and
Ψn(T,νn,Xn) are linear combinations of products of, re-

spectively, the modes f(~k, t, ~x) and Fν(Ω, ~K⊥, T, ~X). It
can be proven that if a positive frequency mode has com-
pact support in V , then its time derivative cannot be
supported in V [25]. This means that ∂0ψn(t,xn)|t=0

AQFT scheme
modal
scheme

GR covariance and
causality hold Yes No
Operators in disjoint
spatial regions commute Yes No
The strict localization
property [Eq. (1)] at
t = T = 0 is guaranteed

Only for local
nonselective
preparations No

TABLE II. Summary table of the differences between the
AQFT and the modal localization schemes in the Minkow-
ski and the Rindler frame.

and ψn(0,xn) cannot be simultaneously compactly sup-
ported; the same holds for ∂0Ψn(T,νn,Xn)|T=0 and
Ψn(0,νn,Xn).

The modal scheme does not entail any genuine no-
tion of localization in QFTCS since it violates relativis-
tic causality and covariance under diffeomorphism. Only
the AQFT framework is able to provide a valid descrip-
tion for special relativistic and GR local phenomena. In
Sec. VI A, we will show that the modal scheme converges
to the AQFT scheme in the nonrelativistic limit. Hence,
we will find that the modal scheme is suited for the de-
scription of local phenomena only in the nonrelativistic
regime.

V. COMPARISON BETWEEN LOCALIZATION

SCHEMES

In this section, we compare the AQFT and the modal
localization schemes presented in Secs. III and IV, re-
spectively. The results are summarized in Table II.

In Sec. III, by showing the compatibility between the
Minkowski and the Rindler AQFT schemes, we proved
that the GR covariance holds. The modal scheme, in-
stead, lacks this property as the local algebras Amod

M (~x)

and Amod
ν ( ~X) are not equivalent, even if ~x and ~X repre-

sent the same event in the ν wedge, i.e., ~x = ~xν(0, ~X).
Also, the relativistic causality in the AQFT schemes is
ensured by the microcausality axiom (i.e., the commu-
tativity condition for field operators in spacelike sepa-
rated regions) and by the fact that nonselectively pre-
pared local states are always strictly localized. In the
modal scheme, instead, wave functions instantly propa-
gate and the strict localization property is not guaranteed
even for unitarily prepared states, due to the noncommu-
tativity relation between operators localized in disjoint
regions. For these reasons we conclude that, between
the two schemes, only the AQFT scheme gives a genuine
description of local phenomena.

The possibility to compare the AQFT and the modal
scheme (i.e., A(O) and Amod

M (V) for inertial exper-
imenters, A(O) and A

mod
ν (V) for accelerated experi-

menters) is hindered by the fact that the regions O and
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V are conceptually different, as O refers to a spacetime
region, whereas V is a Minkowski or Rindler coordinate
region. A direct comparison can only be obtained by
defining the local algebras in spatial regions with respect
to the AQFT scheme. By considering the Cauchy hy-
persurface t = T = 0 and the dynamics induced by the
hyperbolic differential equations (32) and (33), we know

that the global algebra is generated by φ̂(0, ~x) and its

conjugate π̂(0, ~x) = −∂0φ̂(t, ~x)|t=0, or, equivalently, by

Φ̂ν(0, ~X) and Π̂ν(0, ~X) = −∂0Φ̂ν(T, ~X)|T=0. This fact

naturally leads to the definition of the algebra A
AQFT
M (V)

generated by φ̂(0, ~x) and π̂(0, ~x) with ~x ∈ V and the alge-

bra AAQFT
ν (V) generated by Φ̂ν(0, ~X) and Π̂ν(0, ~X) with

~X ∈ V . The AQFT and the modal scheme can be di-

rectly compared by means of the algebras AAQFT
M (V) and

A
mod
M (V), or, equivalently, by means of A

AQFT
ν (V) and

Amod
ν (V).
We also define the local algebras in space points with

respect to the AQFT scheme A
AQFT
M (~x) and AAQFT

ν ( ~X)

as the one generated by the couple φ̂(0, ~x) and π̂(0, ~x) and

the couple Φ̂ν(0, ~X) and Π̂ν(0, ~X), respectively. Notice

that the local algebra in the Rindler frame AAQFT
ν ( ~X)

is equivalent to the algebra A
AQFT
M (~x) in the Minkowski

frame if ~x = ~xν(0, ~X). This can be proven by deriving
the one-to-one map

Φ̂ν(0, ~X) = φ̂(0, ~xν(0, ~X)), (68a)

Π̂ν(0, ~X) = sνazν(Z)π̂(0, ~xν(0, ~X)), (68b)

which can be obtained by means of Eq. (24) and the chain
rule

∂

∂T
= sνaz

∂

∂t
+ sνac

2t
∂

∂z
. (69)

The incompatibility between the Minkowski modal and
the AQFT scheme has been explicitly shown in Ref. [1]
by deriving the Bogoliubov transformation

âmod(~x) =

∫

R3

d3x′
[

fφ̂7→mod
(~x− ~x′)φ̂(0, ~x′)

+fπ̂ 7→mod(~x− ~x′)π̂(0, ~x′)] , (70)

with

fφ̂ 7→mod
(~x) =

∫

R3

d3k
ω(~k)ei

~k·~x

(2π)3
√
2mc2

, (71a)

fπ̂ 7→mod(~x) =
−i√
2mc2

δ3(~x). (71b)

The inequality Amod
M (~x) 6= A

AQFT
M (~x) is a result of the

fact that fφ̂7→mod
(~x) has support in the entire space R

3.

Analogously, the incompatibility between the Rindler
modal and the AQFT scheme can be proved by show-
ing that operators that are localized with respect to the
one of the two schemes are not localized with respect to

the other. To see this, consider a Rindler single particle
creator, defined as

Â†
mod,ν [Ψ] =

∫

θ1>0

Ψ̃(~θ)Â†
ν(
~θ). (72)

By means of Eq. (64), one can also consider

Â†
mod,ν [Ψ] =

∫

R3

d3XΨ( ~X)Â†
mod,ν(

~X), (73)

with Ψ( ~X) = Ψ(0, ~X) and

Ψ(T, ~X) =

√
2mc2

~
Ψ̃(~θ)Fν(~θ, T, ~X) (74)

as the wave function in position space. Equation (73)
is the restriction of Eq. (58) to the ν-Rindler single par-
ticle space, whose elements are characterized by vanish-
ing wave functions Ψn(0,νn,Xn) except for n = 1 and

for ν1 = ν; Ψ(T, ~X) is, then, defined to be equal to

Ψ1(T, ν, ~X). The operator Â†
mod,ν [Ψ] is localized in the

wedge ν and in the region V with respect to the Rindler

modal scheme (i.e., Â†
mod,ν [Ψ] ∈ Amod

ν (V)) if Ψ( ~X) is
supported in V .

Consider an operator Â†
mod,ν [Ψ] such that Ψ̃(~θ) is real.

By using the orthonormality condition (40) in Eq. (42),

we can write Â†
mod,ν [Ψ] in terms of the Rindler fields

Φ̂ν(0, ~X), Π̂ν(0, ~x) as

Â†
mod,ν [Ψ]

=−
∫

θ1>0

Ψ̃(~θ)(Φ̂ν , F
∗
ν (
~θ))KG

=− ~√
2mc2

(Φ̂ν ,Ψ
∗)KG

=− i√
2mc2

∫

R3

d3X
[

Φ̂ν(0, ~X) ∂0Ψ
∗(T, ~X)

∣

∣

∣

T=0

+c2Ψ∗( ~X)Π̂ν(0, ~X)
]

. (75)

If Ψ( ~X) is supported in V , the operator Â†
mod[Ψ] is lo-

calized with respect to the Rindler modal scheme. How-
ever, it is not localized with respect to the AQFT scheme

due to ∂0Ψ(T, ~X)|T=0 acting as a smearing function for

Φ̂ν(0, ~X) in Eq. (75). The function Ψ(T, ~X) is a positive
frequency solution of the field equation; therefore, if it is

supported in V , its time derivative ∂0Ψ(T, ~X) is not.
In Sec. VI A, we will show how the two localization

schemes converge in the nonrelativistic limit. This will

imply that the modal operators Â†
mod,ν [Ψ] ∈ A

mod
ν (V)

can be approximated by some local field operators

Â†
AQFT,ν [Ψ] ∈ AAQFT

ν (V). The intuition is that if Ψ( ~X)

is supported in V , then its time derivative ∂0Ψ(T, ~X)|T=0

is approximately vanishing outside V . Consequently, the
right hand side of Eq. (75) is made of field operators ap-
proximately smeared over V and, hence, the single parti-

cle modal operator Â†
mod[Ψ] is approximately local in V

with respect to the AQFT scheme.
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VI. LOCALIZATION IN THE

NONRELATIVISTIC REGIME

In the previous sections, we considered different local-
ization schemes in the Minkowski and the Rindler frames
over a general background state |Ω〉. In Sec. V, we showed
that the AQFT and the modal schemes are incompatible.

In this section, we consider the nonrelativistic limit
of QFT and the NonRelativistic limit of Quantum Field
Theory in Curved Spacetime (NRQFTCS) [21]. We show
that the two schemes converge in each frame and we de-
tail the features of the resulting nonrelativistic localiza-
tion schemes.

In Ref. [1], we discussed the nonrelativistic limit of the
AQFT and the modal schemes in Minkowski spacetime
over the Minkowski vacuum |0M〉. We showed the con-
vergence between the two schemes and the emergence of
the familiar Born localization, which is based on the rep-
resentation of states by means of wave functions whose
modulo square gives the probability to find the state in
each space point. States that are localized in space re-
gions V appear indistinguishable from |0M〉 outside V .
As a result, we found that, in the nonrelativistic ABM
scenario, the Reeh-Schlieder nonlocality [7, 11–13] is sup-
pressed, which means that the independence between
preparations of states and measurements in disjoint re-
gions of space is recovered in the nonrelativistic regime.

Here, we extend these results by studying the nonrel-
ativistic localization scheme in the Rindler frame over a
general background state |Ω〉. We consider the nonrela-
tivistic limit of Rindler scalar fields [21] and we prove the
convergence between the AQFT and the modal schemes.
Then we detail the features of this unified localization
scheme in the NRQFTCS regime.

We show that if |Ω〉 = |0L, 0R〉, the modal wave func-
tions acquire the Born probabilistic notion of finding par-
ticles in each point and the indistinguishably from the
Rindler vacuum |0L, 0R〉 outside their support. This is a
consequence of the convergence to the AQFT scheme—
which entails a genuine notion of locality—and the factor-
ization of the Rindler nonrelativistic global Hilbert space
and the Rindler vacuum into, respectively, Rindler non-
relativistic local Fock spaces and local vacua. Due to the
emergence of the Born localization scheme in the Rindler
frame, we find that, in the nonrelativistic RaRbR sce-
nario, the preparation of nonrelativistic states by an ac-
celerated experimenter over the Rindler vacuum |0L, 0R〉
does not affect nonrelativistic measurements carried out
by another accelerated observer in a separated region.

Conversely, if the background |Ω〉 is not the Rindler
vacuum |0L, 0R〉, the independence between preparation
and measurement in disjoint regions does not generally
hold. In particular, in the RaRbM scenario, the back-
ground Minkowski vacuum |0M〉 is entangled between the
Rindler nonrelativistic local Fock spaces and, hence, it
produces nonlocal effects that are similar to the Reeh-
Schlieder nonlocality.

Finally, in the ARbM scenario, the two experimenters

(Alice and Rob) do not share the same notion of nonrel-
ativistic limit [22] and, hence, their nonrelativistic local-
ization schemes are incompatible. This leads to a per-
sistence of the Reeh-Schlieder nonlocal effect in nonrela-
tivistic ARbM experiments.

The section is organized as follows. In Sec VI A, we
prove the convergence between the modal and the AQFT
scheme in the nonrelativistic limit. In Sec. VI B we dis-
cuss the emergence of the Born localization scheme in
the nonrelativistic limit of each frame; the results will
be interpreted in terms of the nonrelativistic ABM and
RaRbR scenarios. In Secs. VI C and VI D, we respec-
tively study the RaRbM and the ARbM scenarios, with
particular focus on the strict localization property.

A. Convergence between the modal scheme and

the AQFT scheme

In Ref. [1], we demonstrated the convergence between
the Minkowski modal and the AQFT scheme in the non-
relativistic limit. We considered the nonrelativistic con-
dition in Minkowski spacetime, defined by

∣

∣

∣

∣

∣

~ω(~k)

mc2
− 1

∣

∣

∣

∣

∣

. ǫ, (76)

where ǫ≪ 1 is the nonrelativistic parameter representing
the maximum ratio between the nonrelativistic energy
E = ~ω −mc2 and the mass energy mc2. The state |ψ〉
is said to be nonrelativistic if the corresponding modal
wave function in momentum space ψ̃n(kn) is such that

ψ̃n(kn) ≈ 0 if there is an l ∈ {1, . . . , n}

such that

∣

∣

∣

∣

∣

~ω(~kl)

mc2
− 1

∣

∣

∣

∣

∣

≫ ǫ. (77)

By following Ref. [26], we defined the bandlimited sub-
space Hǫ

M as the Fock space of Minkowski particles satis-
fying Eq. (77). By restricting Eq. (70) to Hǫ

M, we found
that âmod(~x)|Hǫ

M

≈ âAQFT(~x)|Hǫ
M

, with

âAQFT(~x) =

√

mc2

2~2
φ̂(0, ~x)− i√

2mc2
π̂(0, ~x), (78)

as an element of AAQFT
M (~x). This proves the convergence

between the Minkowski modal and the AQFT scheme in
the nonrelativistic limit (76).

Here, we extend these results by considering the
Rindler frame and we show the convergence between the
Rindler modal and the AQFT scheme in the nonrelativis-
tic limit. By following Ref. [21], we define the nonrela-
tivistic condition in Rindler spacetime as

∣

∣

∣

∣

~Ω

mc2
− 1

∣

∣

∣

∣

. ǫ, (79)
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with ǫ≪ 1 as the nonrelativistic parameter. We say that
|Ψ〉 is nonrelativistic if the corresponding wave function

Ψ̃n(νn, θn) is non-vanishing only for frequencies ~θ satis-
fying Eq. (79). Explicitly, this means that

Ψ̃n(νn, θn) ≈ 0 if there is an l ∈ {1, . . . , n}

such that

∣

∣

∣

∣

∣

~Ω(~θl)

mc2
− 1

∣

∣

∣

∣

∣

≫ ǫ, (80)

where Ω(~θ) = θ1. In this subsection, we prove that oper-
ators that are localized with respect to the Rindler modal
scheme are also localized with respect to the AQFT
scheme.

We firstly adopt a method similar to the one used in
Ref. [26]. In particular we define the space of Rindler
nonrelativistic particles Hǫ

L,R as the subspace of the
Rindler-Fock space HL,R that contains particles with
frequencies satisfying the nonrelativistic condition (79).
Also, we define the operator

ÂAQFT,ν( ~X) =

√

mc2

2~2
Φ̂ν(0, ~X)− i√

2mc2
Π̂ν(0, ~X),

(81)

which generates the local field algebra AAQFT
ν ( ~X).

The right hand side of Eq. (81) can be written in terms
of Rindler-Fock operators as

ÂAQFT,ν( ~X)

=

∫ ∞

0

dΩ

∫

R2

d2K⊥

[

fÂ7→AQFT,ν(
~X,Ω, ~K⊥)Âν(Ω, ~K⊥)

+fÂ† 7→AQFT,ν(
~X,Ω, ~K⊥)Â

†
ν(Ω, ~K⊥)

]

, (82)

with

fÂ 7→AQFT,ν(
~X,Ω, ~K⊥) =

(
√

mc2

2~2
+

Ω√
2mc2

)

× Fν(Ω, ~K⊥, 0, ~X), (83a)

fÂ† 7→AQFT,ν(
~X,Ω, ~K⊥) =

(
√

mc2

2~2
− Ω√

2mc2

)

× F ∗
ν (Ω, ~K⊥, 0, ~X). (83b)

Notice that when Ω satisfies the nonrelativistic con-
dition (79), Eq. (83) can be approximated by

fÂ 7→AQFT,ν(
~X,Ω, ~K⊥) ≈ (

√
2mc2/~)Fν(Ω, ~K⊥, 0, ~X)

and fÂ† 7→AQFT,ν(
~X,Ω, ~K⊥) ≈ 0. Hence, by restricting

the operators ÂAQFT,ν( ~X) and Âmod,ν( ~X) to Hǫ
L,R, we

find that

ÂAQFT,ν( ~X)
∣

∣

∣

Hǫ
L,R

≈ Âmod,ν( ~X)
∣

∣

∣

Hǫ
L,R

, (84)

which means that any element of the modal alge-

bra Amod
ν ( ~X) can be approximated to an element of

AAQFT
ν ( ~X) when restricted to Hǫ

L,R.

The Hilbert space Hǫ
L,R describes nonrelativistic

Rindler particles that are prepared over the Rindler vac-
uum |0L, 0R〉. Hence, the results of Eq. (84) can be used
in the nonrelativistic RaRbR scenario, where all the ex-
perimenters are accelerated and the background state |Ω〉
is precisely the Rindler vacuum |0L, 0R〉. However, we
also want to consider scenarios in which |Ω〉 is different
from |0L, 0R〉 (e.g., RaRbM scenario) or where one of the
two observers uses nonrelativistic Minkowski operators
to prepare states (e.g., ARbM scenario). To include all
of these cases we now adopt an algebraic approach to the
nonrelativistic limit.

Starting from the AQFT scheme, we introduce the lo-
cal algebra AAQFT,ǫ

ν (V) as the subset of AAQFT
ν (V) that

contains combinations of products of Rindler operators

Âν(Ω, ~K⊥) satisfying the nonrelativistic condition (79).
By definition, the algebra AAQFT,ǫ

ν (V) is generated by
operators of the form of

Â†
AQFT,ν [Ψǫ] =

∫

R3

d3XΨǫ( ~X)Â†
AQFT,ν(

~X), (85)

where Ψǫ( ~X) is a function supported in V that satisfies
the following nonrelativistic condition

∫

R3

d3Xf∗
Â7→AQFT,ν

( ~X,Ω, ~K⊥)Ψǫ( ~X) ≈ 0

if

∣

∣

∣

∣

~Ω

mc2
− 1

∣

∣

∣

∣

≫ ǫ, (86a)

∫

R3

d3Xf∗
Â† 7→AQFT,ν

( ~X,Ω, ~K⊥)Ψǫ( ~X) ≈ 0

if

∣

∣

∣

∣

~Ω

mc2
− 1

∣

∣

∣

∣

≫ ǫ. (86b)

Equation (86) can be obtained by plugging Eq. (82) in

Eq. (85) and by assuming that Â†
AQFT,ν [Ψǫ] is a linear

combination of Rindler operators Âν(Ω, ~K⊥) satisfying
the nonrelativistic condition (79).

Analogously, we define the local algebra Amod,ǫ
ν (V)

as the subset of Amod
ν (V) that contains combinations

of products of Rindler operators Âν(Ω, ~K⊥) satisfying
the nonrelativistic condition (79). Explicitly, this means

that A
mod,ǫ
ν (V) is generated by the operators Â†

mod,ν [Ψǫ]

[Eq. (73)] with Ψǫ( ~X) supported in V and satisfying

∫

R3

d3XF∗
ν (Ω,

~K⊥, 0, ~X)Ψǫ( ~X) ≈ 0 if

∣

∣

∣

∣

~Ω

mc2
− 1

∣

∣

∣

∣

≫ ǫ.

(87)
Equation (87) is a consequence of Eq. (72) and the non-

relativistic condition for Â†
mod,ν [Ψǫ].

The convergence between the two algebras AAQFT,ǫ
ν (V)

and Amod,ǫ
ν (V) can be proved by noticing that the nonrel-

ativistic conditions (86) and (87) are equivalent, in the

sense that any function Ψǫ( ~X) satisfying Eq. (86) sat-
isfies Eq. (87) as well and the other way round. When
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both equations hold we have that

Â†
AQFT,ν [Ψǫ] =

∫

R3

d3XΨǫ( ~X)Â†
AQFT,ν(

~X)

≈
∫

R3

d3XΨǫ( ~X) Â†
AQFT,ν(

~X)
∣

∣

∣

Hǫ
L,R

≈
∫

R3

d3XΨǫ( ~X) Â†
mod,ν(

~X)
∣

∣

∣

Hǫ
L,R

≈
∫

R3

d3XΨǫ( ~X)Â†
mod,ν(

~X)

=Â†
mod,ν [Ψǫ]. (88)

Hence, any operator in A
AQFT,ǫ
ν (V) approximates to an

element of Amod,ǫ
ν (V).

Due to the convergence between AAQFT,ǫ
ν (V) and

Amod,ǫ
ν (V), we define a unified algebra Aǫ

ν(V). Any el-
ement of Aǫ

ν(V) is localized in ν and V with respect to
both schemes and is nonrelativistic from the point of view
of accelerated observers. We say that the localized state
|Ψ〉 = Ô|Ω〉 is nonrelativistic with respect to the Rindler

frame and over the background state |Ω〉 if Ô ∈ A
ǫ
ν(V),

which means that the state has been prepared over |Ω〉
by the accelerated observer Rachel via the nonrelativistic
local operator Ô ∈ Aǫ

ν(V).

B. Born scheme

In Ref. [1], we showed the emergence of the Born lo-
calization scheme as a result of the nonrelativistic condi-
tion (76) in Minkowski spacetime. We demonstrated that
any nonrelativistic state that is localized in any space
region V over the Minkowski vacuum |0M〉 appears in-
distinguishable from |0M〉 outside V . This results was
applied to nonrelativistic ABM scenario, in which both
inertial experimenters (Alice and Bob) have only access
to the Minkowski bandlimited subspace Hǫ

M. We found
that the strict localization property is always satisfied
and, hence, the Reeh-Schlieder nonlocal effect [7, 11–13]
is suppressed by the nonrelativistic limit. In other words,
local preparations of states by Alice never influence the
measurements carried out by Bob, even when selective
operations occur.

In this subsection, we show that the notion of Born
localization naturally emerges in the nonrelativistic limit
of Rindler spacetime [Eq. (79)] as well. In particular we
demonstrate that, in such a regime, the Hilbert space
Hǫ

L,R factorizes into local Fock spaces Hǫ
ν(Vi) and the

Rindler vacuum |0L, 0R〉 factorizes into the local vacua
|0ν(Vi)〉. This implies that any state satisfying Eq. (80)
and localized in the wedge ν and in the space region V
over the Rindler vacuum |0L, 0R〉 appears indistinguish-
able from |0L, 0R〉 outside ν and V . Also, the orthogo-
nality condition for states that are localized in disjoint
regions holds. We detail these results by considering the
nonrelativistic RaRbR scenario and reach the same con-
clusions as for the ABM scenario.

The factorization of Hǫ
L,R into local Fock spaces Hǫ

ν(Vi)

can be obtained by using the definition of Aǫ
ν(V) as the al-

gebra generated by the operators Âmod,ν [Ψǫ], with Ψǫ( ~X)
supported in V and satisfying the nonrelativistic condi-
tion

Ψ̃ǫ(~θ) ≈ 0 if

∣

∣

∣

∣

~θ1
mc2

− 1

∣

∣

∣

∣

≫ ǫ, (89)

with

Ψ̃ǫ(~θ) =

√
2mc2

~

∫

R3

d3XΨǫ( ~X)F∗
ν (
~θ, 0, ~X). (90)

The commutation relation between two nonrelativistic
local operators is

[

Âmod,ν [Ψǫ], Â
†
mod,ν′ [Ψ

′
ǫ]
]

= δνν′

∫

θ1>0

d3θΨ̃∗
ǫ (
~θ)Ψ̃′

ǫ(
~θ)

(91a)
[

Âmod,ν [Ψǫ], Âmod,ν′ [Ψ′
ǫ]
]

= 0. (91b)

By means of Eqs. (54), (89) and (90), one can approxi-
mate Eq. (91a) with

[

Âmod,ν [Ψǫ], Â
†
mod,ν′ [Ψ

′
ǫ]
]

≈δνν′

∫

|~θ1/mc2−1|<ǫ

d3θΨ̃∗
ǫ (
~θ)Ψ̃′

ǫ(
~θ)

=δνν′

∫

R3

d3X

∫

R3

d3X ′

∫

|~θ1/mc2−1|<ǫ

d3θ
2mc2

~2

×Ψ∗
ǫ( ~X)Ψ′

ǫ( ~X
′)Fν(~θ, 0, ~X)F∗

ν (
~θ, 0, ~X ′)

≈δνν′

∫

R3

d3X

∫

R3

d3X ′

∫

|~θ1/mc2−1|<ǫ

d3θ
2mc2

~2

×Ψ∗
ǫ(
~X)Ψ′

ǫ(
~X ′)Fν(~θ, 0, ~X)F∗

ν (
~θ, 0, ~X ′)

≈δνν′

∫

R3

d3X

∫

R3

d3X ′

∫

θ1>0

d3θ
2mc2

~2

×Ψ∗
ǫ(
~X)Ψ′

ǫ(
~X ′)Fν(~θ, 0, ~X)F∗

ν (
~θ, 0, ~X ′), (92)

which leads to

[

Âmod,ν [Ψǫ], Â
†
mod,ν′ [Ψ

′
ǫ]
]

≈ δνν′

∫

R3

d3XΨ∗
ǫ(
~X)Ψ′

ǫ(
~X),

(93)
owing to

∫

θ1>0

d3θ
2mc2

~2
Fν(~θ, 0, ~X)F∗

ν (
~θ, 0, ~X ′) = δ3( ~X − ~X ′).

(94)
Equation (94) can be proven from Eqs. (35), (54) and

∫ ∞

0

dθ1
2θ1
~az

F̃ (~θ, ZR(z))F̃ (~θ, Z) =
1

4π2
δ(z − zR(Z)).

(95)
A proof for Eq. (95) is provided in Appendix B.
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Due to the localization of the wave functions Ψǫ( ~X)

and Ψ′
ǫ(
~X) in, respectively, V and V ′, we find that the

right hand side of Eq. (93) is vanishing if V and V ′ are
disjoint. Hence, nonrelativistic operators localized in dis-
joint regions commute. Consequently, the Hilbert space
Hǫ

L,R factorizes into local Hilbert spaces Hǫ
ν(Vi) upon

which elements of Aǫ
ν(Vi) act. Also, if Ψǫ( ~X) and Ψ′

ǫ(
~X)

are orthonormal with respect to the L2(R3) scalar prod-

uct, then Âmod,ν [Ψǫ] and Â†
mod,ν′ [Ψ′

ǫ] approximately sat-
isfy the canonical commutation relations. This means
that the local Hilbert spaces Hǫ

ν(V) and Hǫ
ν(V ′) are also

Fock spaces.
We note by |0ν(V)〉 the local vacuum of Hǫ

ν(V). No-
tice that the global vacuum |0L, 0R〉 is annihilated by

any Âmod,ν [Ψǫ] ∈ Aǫ
ν(V). Hence, |0L, 0R〉 factorizes

into
⊗

ν

⊗

i |0ν(Vi)〉 in Hǫ
L,R =

⊗

ν

⊗

i Hǫ
ν(V). This

means that the Rindler vacuum |0L, 0R〉 is equal to
[
⊗

ν

⊗

i |0ν(Vi)〉] ⊗ . . . as an element of HL,R = Hǫ
L,R ⊗

. . . . Here, the dots are associated to the relativistic sub-
space of HL,R containing states that do not satisfy the
nonrelativistic condition (79).

These results may be applied the RaRbR scenario in
which a state |Ψ〉 = ÔA|0L, 0R〉 is locally prepared by an
accelerated experimenter (Rachel) over the Rindler vac-
uum background |0L, 0R〉 and a second accelerated ob-
server (Rob) performs local measurements of the observ-

able ÔB. The operators ÔA and ÔB are, respectively,
localized in the wedges νA and νB and in the space re-
gions VA and VB. We assume that the state prepared by
Rachel and the observable measured by Rob are nonrel-
ativistic with respect to the Rindler frame, which means
that ÔA ∈ Aǫ

νA
(VA) and ÔB ∈ Aǫ

νB
(VB).

As a consequence of the factorizations Hǫ
L,R =

⊗

ν

⊗

iHǫ
ν(Vi) and |0L, 0R〉 = [

⊗

ν

⊗

i |0ν(Vi)〉] ⊗ . . . ,
the strict localization property is always satisfied in the
nonrelativistic RaRbR scenario. In particular, we find
that

〈Ψ|ÔB|Ψ〉 = 〈0L, 0R|ÔB|0L, 0R〉 (96)

when νA is different from νB or when VA and VB are
disjoint. This means that Rob’s measurements are never
influenced by Rachel’s preparations of states.

Such a result is in analogy to what we found for the
ABM scenario. We conclude that nonlocal effects are al-
ways suppressed if the nonrelativistic limit and the back-
ground vacuum state are associated to the same frame.

C. Nonrelativistic RaRbM scenario

In this subsection, we study the RaRbM scenario in
the nonrelativistic limit. At variance with the nonrela-
tivistic RaRbR scenario considered in Sec. VI B, here,
the background state is the Minkowski vacuum |0M〉.
Hence, the state prepared by Rachel is |Ψ〉 = ÔA|0M〉
with ÔA ∈ Aǫ

νA
(VA). The observable measured by Rob,

instead, is still ÔB ∈ Aǫ
νB
(VB).

In Ref. [1], we showed that the nonrelativistic
Minkowski-Fock space Hǫ

M factorizes into local Fock
spaces Hǫ

M(Vi) with vacuum states |0M(Vi)〉 and the Min-
kowski vacuum |0M〉 factorizes into

⊗

i |0M(Vi)〉 with re-
spect to Hǫ

M =
⊗

iHǫ
M(Vi). However, here, we are

interested in the factorization with respect to Hǫ
L,R =

⊗

ν

⊗

i Hǫ
ν(Vi).

The representation of the Minkowski vacuum |0M〉 in
the Rindler-Fock space HL,R is given by [20]

|0M〉 ∝ exp





∑

ν={L,R}

∫ ∞

0

dΩ

∫

R2

d2 ~K⊥e
−πΩ/ca

×Â†
ν(Ω, ~K⊥)Â

†
ν̄(Ω,− ~K⊥)

)

|0L, 0R〉, (97)

with ν̄ as the opposite of ν, i.e., ν̄ = L if ν = R and
ν̄ = R if ν = L. As a consequence of Eq. (97) and due
to the factorization of the Rindler vacuum |0L, 0R〉 =
[
⊗

ν

⊗

i |0ν(Vi)〉]⊗ . . . , we find that the Minkowski vac-
uum |0M〉 is entangled between the nonrelativistic local
Fock spaces Hǫ

ν(Vi).
As a consequence of this entanglement, we find that,

in general,

〈Ψ|ÔB|Ψ〉 6= 〈0M|ÔB|0M〉 (98)

even if VA and VB are disjoint. However, the identity

〈Ψ|ÔB|Ψ〉 = 〈0M|ÔB|0M〉 (99)

is guaranteed when ÔA is unitary and either the two
wedges νA and νB are different or the two regions VA

and VB are disjoint. This is due the fact that ÔA and ÔB

commute and, hence, Eq. (19) holds.
As a result, we find that the strict localization property

in the nonrelativistic RaRbM scenario is guaranteed for
unitary preparations of the state. By only performing
nonselective operations on the vacuum |0M〉, Rachel does
not influence Rob’s measurements in the other disjoint
region. Conversely, selective preparations of the state
lead to nonlocal effects.

The nonlocality shown here is similar to the Reeh-
Schlieder effect [7, 11–13]. Indeed, the origin of this ef-
fect is ascribed to the entanglement between local spaces
induced by the background vacuum state. These corre-
lations are suppressed in the nonrelativistic limit with
respect to the Minkowski frame. However, here, we are
considering the nonrelativistic regime of accelerated ob-
servers and we find that no suppression occurs in the
RaRbM scenario.

D. Nonrelativistic ARbM scenario

In Sec. VI B, we considered the nonrelativistic ABM
scenario, in which all experimenters are inertial and the
background state is the Minkowski vacuum |0M〉. In that
case, physical phenomena are described by means of the
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Hilbert space Hǫ
M and the nonrelativistic local algebra

Aǫ
M(V), which is defined as the subalgebra of Amod

M (V)
generated by operators of the form of

â†mod[ψǫ] =

∫

R3

d3xψǫ(~x)â
†
mod(~x), (100)

where ψǫ(~x) is supported in V and its Fourier trans-

form ψ̃ǫ(~k) is supported in the nonrelativistic region
(76). Due to the convergence between the different lo-
calization schemes in the nonrelativistic limit, one can

use A
AQFT
M (V) and â†AQFT(~x) instead of Amod

M (V) and

â†mod(~x) to define Aǫ
M(V). Any state |ψ〉 of the nonrel-

ativistic Hilbert space Hǫ
M, localized in VA can be iden-

tified by an operator ÔA ∈ Aǫ
M(VA) such that |ψ〉 =

ÔA|0M〉.
At variance with Sec. VI B, here, we consider the non-

relativistic ARbM scenario, in which the observer per-
forming the measurement (i.e., experimenter B) is accel-

erated (Rob). Hence, the operator ÔB is an element of

Aǫ
νB
(VB) instead of Aǫ

M(VB), which means that ÔB is a

linear combination of products of Âmod,νB
[Ψǫ] operators,

with Ψǫ( ~X) supported in VB and satisfying the nonrela-
tivistic condition in the Rindler frame (89).

In Ref. [22], we showed that the nonrelativistic condi-
tion in the two frames are not compatible. Intuitively,
this can be seen by noticing that inertial and accelerated
observers experience different flows of times due to the
inequivalent time coordinates t and T ; hence, they are
provided with different notions of energy as the gener-
ator of time translation. This means that the nonrela-
tivistic condition appears to be frame dependent. Con-

sequently, if Ψ( ~X) satisfies the nonrelativistic condition
in the Rindler frame (89), then, for any V ′

B ⊆ R
3, the

operator Âmod,ν [Ψǫ] is not an element of the Minkow-
ski nonrelativistic local algebra Aǫ

M(V ′
B). In other words,

the Minkowski and the Rindler nonrelativistic schemes
are incompatible.

Due to the incompatibility between the two schemes,
the strict localization property

〈φ|ÔB|φ〉 = 〈0M|ÔB|0M〉. (101)

does not generally hold. This means that the preparation
of the state |ψ〉 = ÔA|0M〉 by Alice, with ÔA ∈ Aǫ

M(VA),

may influence the measurement of ÔB by Rob, even if VA

and VB represent different regions of the spacetime.
However, unitary preparations of |ψ〉 guarantee the in-

dependence between the local preparation of the state
and the local measurements of the observable ÔB. This
is a consequence of the microcausality axiom that ensures
that operators localized in different region of spacetimes
with respect to the AQFT scheme commute. Since the
algebras Aǫ

M(VA) and Aǫ
νB
(VB) are subalgebras of, respec-

tively, AAQFT
M (VA) and AAQFT

νB
(VB), we find that ÔA and

ÔB commute if VA and VB represent different regions of

the spacetime. Then, one can use Eq. (19) to prove that,

if ÔA is unitary, Eq. (101) holds.
In conclusion, we find that, at variance with the ABM

and the RaRbR scenarios, in the ARbM scenario the
Reeh-Schlieder nonlocal effects are not suppressed. This
is a consequence of the incompatibility between the non-
relativistic limit in the two frames and the consequent
incompatibility between the respective nonrelativistic lo-
calization schemes.

VII. CONCLUSIONS

The algebraic approach to QFTCS provides an exact
description of local physical phenomena in a regime in
which relativistic energies and noninertial effects cannot
be ignored. At variance with the modal representation
of particle states, the AQFT localization scheme is frame
independent and does not violate relativistic causality.
Only in the nonrelativistic regime the two schemes ap-
pear indistinguishable from each other.

Notwithstanding the relativistic causal nature of the
AQFT scheme, nonlocal instantaneous effects occur when
states are selectively prepared over any background |Ω〉 in
confined regions VA. In particular, local observations in
regions VB disjoint from VA are influenced by the nonuni-
tary preparations of states in VA. It is known that such a
nonlocal effect is suppressed in the nonrelativistic limit of
Minkowski spacetime, with |Ω〉 being equal to the Min-
kowski vacuum |0M〉 [1]. Here, we reach the conclusion
that the suppression generally occurs in the nonrelativis-
tic regime of the frame associated to the vacuum back-
ground |Ω〉.

Different frames are characterized by different time co-
ordinates, which lead to different notions of vacuum state
and nonrelativistic limit [22]. Hence, it is not surprising
that for any (inertial or accelerated) observer there is a
preferred background state (|0M〉 or |0L, 0R〉) and a pre-
ferred nonrelativistic condition (Eq. (76) or Eq. (79)).
Nonlocal effects are completely suppressed when all of
these frame dependent elements match up, i.e., when the
vacuum background state and the nonrelativistic condi-
tion are associated to the same frame. The nonrelativis-
tic ABM and the nonrelativistic RaRbR scenarios fall
into this category and are associated to, respectively, the
Minkowski and the Rindler frame.

In the RaRbM and the ARbM scenarios, instead, the
nonlocal effects are not suppressed, due to the aforemen-
tioned elements not matching up. Specifically, in the
RaRbM scenario, the background state is the Minkow-
ski vacuum |0M〉, whereas the nonrelativistic condition
is associated to the Rindler frame. The origin of the
nonlocal effect needs to be ascribed to the entanglement
of |0M〉 between the Rindler nonrelativistic local Fock
spaces. Conversely, in the ARbM scenario, states are
prepared by the inertial observer Alice via nonrelativistic
Minkowski operators over the Minkowski vacuum |0M〉;
whereas, local measurements are performed by the accel-
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erated observer Rob via nonrelativistic Rindler operators.
From Alice’s point of view, Rob uses relativistic observ-
ables, since her notion of nonrelativistic limit is different
than Rob’s. Hence, the Reeh-Schlieder nonlocality is not
suppressed.

These theoretical results may find practical applica-
tions in the context of, e.g., nonrelativistic emitters and
detectors. If both instruments are inertial and operate
over the Minkowski vacuum |0M〉, no nonlocal effect is
expected to be detected. The same occurs if they are
both accelerated over the Rindler vacuum background
|0L, 0R〉. Conversely, if at least one of them is acceler-
ated and the background state is the Minkowski vacuum
|0M〉, then nonlocal effects may appear and can be even-
tually measured.

By means of this nonlocality, it is possible to probe the
nature of the background state in the presence of gravi-
tational fields (e.g., Earth gravity). Due to the Einstein’s
equivalence principle, any standing experimenter affected
by a gravitational field can be locally represented by the
Rindler frame, whereas a free falling observer is described
by the Minkowski frame. In this scenario, we still do not
have experimental evidence about the nature of the back-
ground state: is it a Minkowski or a Rindler vacuum? To
answer this question, one may use nonrelativistic emit-
ters and detectors that follow different trajectories and
measure eventual nonlocal effects.
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Appendix A

In this section we provide a proof for Eq. (56). The
method is based on the use of the Kontorovich–Lebedev,
defined as

K[ϕ](ζ) =
2ζ

π2
sinh(πζ)

∫ ∞

0

dξ

ξ
Kiζ(ξ)ϕ(ξ) (A1)

for any function ϕ(ξ) in ξ > 0. The inverse of Eq. (A1)
is

K−1[ϕ](ξ) =

∫ ∞

0

dζKiζ(ξ)ϕ(ζ). (A2)

We consider any function ϕ(ζ) with ζ > 0 and we
compute the following integral

∫ ∞

0

dΩ

∫ ∞

0

dx2Ω′

~az

√

√

√

√

√

sinh
(

βΩ′

2

)

sinh
(

βΩ
2

)

× F̃ (Ω, ~K⊥, ZR(z))F̃ (Ω′, ~K⊥, ZR(z))ϕ

(

Ω

ca

)

=
1

2π4(ca)2

∫ ∞

0

dΩ

∫ ∞

0

dx
Ω′

z
sinh

(

βΩ′

2

)

×KiΩ/ca

(

κ( ~K⊥)z
)

KiΩ′/ca

(

κ( ~K⊥)z
)

ϕ

(

Ω

ca

)

.

(A3)

We consider the coordinate transformation

ζ =
Ω

ca
, ξ = κ( ~K⊥)z, (A4)

which leads to

∫ ∞

0

dΩ

∫ ∞

0

dx2Ω′

~az

√

√

√

√

√

sinh
(

βΩ′

2

)

sinh
(

βΩ
2

)

× F̃ (Ω, ~K⊥, ZR(z))F̃ (Ω
′, ~K⊥, ZR(z))ϕ

(

Ω

ca

)

=
1

2π4ca

∫ ∞

0

dξ

∫ ∞

0

dζ
Ω′

ξ
sinh

(

βΩ′

2

)

×Kiζ(ξ)KiΩ′/ca(ξ)ϕ(ζ)

=
1

4π2
K[K−1[ϕ]]

(

Ω′

ca

)

=
1

4π2
ϕ

(

Ω′

ca

)

. (A5)

By using the generality of ϕ(ζ), we prove Eq. (56).

Appendix B

By using a method similar to the one adopted in Ap-
pendix A, here, we demonstrate Eq. (95). In this case,
we consider a function ϕ(ξ) in ξ > 0 and we compute the
integral
∫ ∞

0

dx

∫ ∞

0

dθ1
2θ1
~az

F̃ (~θ, ZR(z))F̃ (~θ, Z)ϕ
(

κ(~θ⊥)z
)

=
1

2π4(ca)2

∫ ∞

0

dx

∫ ∞

0

dθ1
θ1
z
sinh

(

βθ1
2

)

×Kiθ1/ca

(

κ(~θ⊥)z
)

Kiθ1/ca

(

κ(~θ⊥)
eaX

a

)

ϕ
(

κ(~θ⊥)z
)

.

(B1)

Here, we use the coordinate transformation

ζ =
θ1
ca
, ξ = κ(~θ⊥)z, (B2)

which gives
∫ ∞

0

dx

∫ ∞

0

dθ1
2θ1
~az

F̃ (~θ, ZR(z))F̃ (~θ, Z)ϕ
(

κ(~θ⊥)z
)

=
1

2π4

∫ ∞

0

dξ

∫ ∞

0

dζ
ζ

ξ
sinh(πζ)Kiζ(ξ)Kiζ

(

κ(~θ⊥)
eaX

a

)
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× ϕ(ξ)

=
1

4π2
K−1[K[ϕ]]

(

κ(~θ⊥)
eaX

a

)

=
1

4π2
ϕ

(

κ(~θ⊥)
eaX

a

)

. (B3)

Equation (B3) proves Eq. (95) as it holds for any ϕ(ξ).
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